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ABSTRACT 
In this article an infinite periodic Jacobi matrix is under consideration. It is shown 
that the spectrum of the matrix consists of a single finite interval if and only if the 
period of the matrix is equal to unity. 
The main purpose of this article is to reconstruct an infinite periodic 
Jacobi matrix from its spectrum, which is assumed to consist of a single finite 
interval on the real axis. 
Let A, be an operator on the Hilbert space 12( - co, 00). The matrix A 
that represents A,, is called a periodic Jacobi matrix of period p if it is of the 
form 
A= 
a0 bo 0 
bo a, b, 
0 h a2 
bp-1 ap 
ap-2 bp-2 0 
b 
p-2 up-1 
b 
p-1 
0 
(1) 
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where ui and bi are real, bi > 0 for all i, and furthermore 
a, = a n’, b,, = b,,,, for n-n’ (mod P) - (2) 
On l,( - co, co) the matrix A represents a bounded self-adjoint operator. 
The problem of determining an infinite periodic Jacobi matrix from its 
spectrum leads us to investigate the following system of difference equations: 
with 
- &ix,-, +(X-a,)~,-b,x,+,=O, n=o, 2 1, +2, (3) 
a, = a,,, b,, = b,, for n=n’ (mod PI* (4 
The following results, summarized in Lemma 1 and Lemma 2, can be 
found in Hochstadt [l], and we omit the proofs. 
LEMMA 1. The discriminunt A(h) of the system of the difference equu- 
tions (3) with the periodicity conditions (2) is defined by 
A(x) = trace fi A,, 
k-l 
(5) 
where 
A,= 0 
1 
-&/&+I h-o,/&+, ’ 
(6) 
Suppose jA(x)l#2, and let p, p-l (IpI > 1) be the roots of 
p2-A(X)p+l=O. (7) 
(3) has a solution u,, which satisfies 
For ]A@)(>2 the above is unbounded as n-+ca, and for IA(h)]<2 it is 
bounded. 
lf A(h) = 2, then p = 1, and at least one solution u,, has period p. A second 
solution may also have period p; if not, it grows’linearly with n us n+oc. If 
A(X) = - 2, then p = - 1, and at least one solution u,, has period 2p. A second 
solution may also have period 2p or else grow linearly with n us n+co. 
We now return to (3) and seek the solutions satisfying uk+,,r = pnuk. In 
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order that the system 
- !7,u,+ (A- C&- b,u,=O, 
- b,u,+(X-a,)u,-b,u,=O, 
- bp-lup-,+~A-apjup- bpup+l=o, 
with u,, + 1 =pu1, ug= (l/&V should have nontrivial solutions, we require 
that 
where 
det(h - Lp) = 0, 
a1 b, 0 ..* 0 0 WPP, 
b, a2 b, . .. 0 0 0 
0 b, a3 . . . 0 0 0 
0 0 0 *a* ap-2 b,-2 0 
o 0 0 . . . bp_, up._1 bp_l 
pb, 0 0 ..+ 0 bp_, ap 
(9) 
A direct calculation shows that 
(lo) 
where 
P(X) = 
X-a, -b, 0 
-h A-a, -b, 
0 -b, A-a, 
A- ap_2 -$,-2 0 
- bp-, h- ap-l - $4 
0 -bp-1 Gap 
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X-a, 
- b, 
0 
Q(h)= 
-b, 0 
X-a, -b, 
- b, h-a, 
Note that (10) is equivalent to 
A- ap-3 
-bp-3 
0 
P2- 
W) - b,2Q (A) 
IQ’b, 
p+1=0, 
and a comparison with (7) yields that 
A(h) = 
W+$QN 
II,pbi * 
- bp-3 
x-up-2 
-bp-2 
0 
-bp-2 
A-ap-1 
(11) 
For o = eie, 13 real, L, is self-adjoint and (10) can be written as 
A(X) =2cost’. (12) 
(12) must have p real roots for h, since these represent the eigenvalues of a 
self-adjoint matrix. 
LEMMA 2. Let AP>hP_l> .. . > A, denote the p real zeros of A(h) -2 
.andA~>A~_,>=.. > A; the p real zeros of A(x) + 2. These zeros are at most 
of multiplicity 2. A, must be a simple zero of A(x) - 2, and the two sets of 
eigenvalues interlace as follows: 
AP>~“$l>$l” ..’ >h;>h, for p even; 
$>~“?$_i>$_i” ... >h,>h; for p odd. 
The intervals (hb, 
“p 
),(h,_,,Xb_,),... are known as the stability intervals. 
For any X in the stabi ity intervals the system (3) has only bounded solutions. 
The intervals (a, co), (T$_,,T$), . . . are known as the instability intervals. 
In general there are p - 1 finite and two infinite instability intervals. There 
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may, however, be fewer than p - 1 finite ones. The latter happens if some h 
is a double zero of A2(h) - 4. 
Our main result is contained in the following theorem. 
THEOREM. If all zeros of A”(x) -4 are double except hP and A* 
= min(X,, A;), then 
a,=a,=a,=. . . = aP = (AP +X*)/2; 
b,=b,=b,=. . . =b,=(+,-X*)/4. 
(13) 
(14) 
Proof: 
A(x) = 
p(V - $m) 
IIfbi 
is a polynomial of degree p, and 
A@)=( bbi)-‘[ AP-( $‘ai)hP’+( ,$‘jaiaj- tbt)APP2i]. (15) 
We have, by Lemmas 1 and 2 and the hypothesis: 
(1)Ifp=2n+1,X1=X2<h,=h,<... <X,,_,=X,,<hp,andX;<A~=Xj 
<A&=X;<*.* <Xi,, = 3, then 
Thus 
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< . . . <h2,_2=h2,_l<+,, then 
-‘(h-h;)(hX,) +. (A-A,,_,)(h-A;,_,). 
In either case we obtain the differential equation 
[Awl2 2 
4-A2(X) = (h-A,*;($-h) 
Solving (16), we have 
2h-P-A, 
&_A* +& . )I 
To determine B0 we set A(a) = 2 and find 
( / 7T 2, p-0 (mod 4), 
Ud= O, ! 
p- 1 (mod 4), 
- 7712, p-2 (mod 4), 
71, p-3 (mod 4). 
It is easy to see that, if y = sin- lx, 
sin( py) = (vi? + iqp - (VT2 - qp 
2i 
3 
cos(py)= (Vi? +ix)‘+(Vi? -ix)’ 
2 
(16) 
(17) 
(18) 
(19) 
(20) 
A direct calculation which uses the relations (18), (19) and (20) shows that 
AN = (Apy;*)p hP- 22p-1P (X,+A*)hp-I 
lx, -A”)” 
+ 22p-zp(p_l)(Eb+~*)zxp_2_ 22p-%pXp_2+. . . . 
2(xp -A’)’ &p-X”) 
(21) 
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Comparing the coefficients of (15) and (21), we see that 
(22) 
(22) and (23) reduce to 
(25) 
From (22) and (24) we obtain 
p’p8- ‘) (Ap+h*)2- POb;A”2 = $,ziq- 5 b,?. (26) 
1 
From (22) we have 
l/P 
= (h - A*)2, (27) 
and use of the fact that the arithmetic mean of p positive numbers is greater 
than or equal to their geometric mean, 
(28) 
gives 
It follows that 
(29) 
5 b2_ P(a-h*)2 
I 
1 16 
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We shall, for the moment, assume that X& = 0. Inspection of (9) shows 
that this can be achieved by a simple translation on the X axis, by replacing h 
by X+X&. Combining (5) and (30), we see that 
x uiui > 0. (31) 
i#i 
But 
O=( xui)2= $ u:+ i$“iuj3 
and with (31) we conclude that 
P 
Tu,?+=O and ~uiui=O, 
i#i 
(33) 
so that 
a, =o. (34 
Now we see that we have a strict equality in (29), which can only arise if 
all bi are equal. Then 
b,= %-‘* t 4 for all i. 
(34) and (35) are the conclusions of the theorem to be proved. n 
The spectrum of the periodic Jacobi matrix A in (1) consists of all real h 
for which IA(X)1 < 2. It follows therefore that the spectrum of A consists of a 
single finite interval if and only if the period p = 1. 
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